y^K 517.984+517.51 



O HeSbimeBCKHx CBOHCTBax CHCTeMbi co6cTBeHHbix 4)yHKii;HH sa^aHH 
niTypMa— JlnysHjijia c CHHryjiapHbiMH K03(J)(J)Hi],HeHTaMH 

A. A. BjiaflHMHpoB 

Ahhotaii,hm. B CTaTbe paccMaTpHsaeTCH CHHryjiapnaa cneKTpajibHaa sa/ia^a IIlTypMa-JTHyBHjijia 

. . . + Ar)y = 0, 

g; (C/-l)y^+z(f/ + l)y^ =0, 

, rfle (J)yHKL(Hap £ Lco[0, 1] pasHOMepHO nojiOJKHTejiBHa, (JjyHKifHa q £ W2 [0, 1] BemecTseHHa, Becosaa 

' (J)yHKii;Ha r € W^^[0, 1] nojiOJKHTejibHa, a onpeflejiaiomaa rpaHHHHbie ycjiosHa yHHTapnaa KOMnneKC- 

Haa MaTpHL(a U pa3Mepa 2x2 flnaroHajibHa. DoKasbiBaeTca, hto HSsecTHbie fljia rjia/iKoro cjiy^aa 
^ , pesyjibTaTbi o He6binieBCKHx CBoiicTBax CHCTeM co6cTBeHHbix (JjyHKiiHH ocTaiOTca cnpaBefljiHBbiMH h b 

o6meH CHTyaiiHH. 

m ' 

Oh . § 1. BBe^eHHe 

^' - 

■ 1. ITycTb p — pasHOMepHO nojiOHCHTejibHaa cJjyHKi^HH Kjiacca Loo[0, IJ, q — BemecTBeHHaa 4)yHKLi,HH 

Kjiacca VF2~^[05l]) — HeoTpHi^aTejibHaa cJjyHKi^HH Kjiacca 1^2~^[0)1] ^ HOCHTejieM [0,1], a U — flnaro- 
HajiBHaa yHHTapnaH KOMnjieKcnaa Maipni^a pasMepa 2 x 2. B HacTOHmen CTaTBe 6yfleT npoflOjiHceno 
HanaToe b pa6oTe |OCC>| HCCJieflOBaHne oci^hjijihi^hohhbix cbohctb co6cTBeHHbix cJjyHKi^Hii rpaHHHHoft 
sa^aHH 



o 



> 
in 



(1) -ipy')' + {q - Xr)y = 0, 

(2) ^u-l)y'' + i{U + l)y'' = 0, 

■ rfle A G C — cneKTpajiBHBifi napaMCTp, a bcktopbi h onpe^ejieHBi b bh^c 

9 : ' - U(i)J ' ' - l-yW(i)J ■ 

BsHfly HerjiaflKOCTH K03(]3(J)Hi];HeHTOB flH(J)4)epeHi];HajibHoro BBipajKenHH b jicboh nacTH ypasne- 
^ I HHH ([T]), nocTanoBKa saflann ([T|), (l2|) nyjKflaeTCH b yTOHHennH. IlpoBOflH ero, mbi, KaK h b pa6oTe 

■ [OCOj . 6yfleM hcxo^htb hs annpoKCHMaTHBHoft tohkh spennH (cm. [IHJIIIPI Cn^O| ). 
06o3HaHHM Hepes Sjjj rHjifc6epTOBoro npocTpancTBO 

{yeW^[0,l]\y^eim{U-l)}, 

CHa6:aceHHoe o6biHHOH HopMon 



± 

(VyGiic/) \\y\\l^ = I + dx. 



PaccMOTpHM onepaTop BjiOHcenHH I : Sjjj ^2(0, 1] h o6o3HaHHM nepes Sj'jj nonojineHHe npocTpancTBa 
L2[0, 1] no HopMe ^ Henocpe^CTBeHHO h3 SToro onpe^ejieHHa BbiTCKaeT bosmojkhoctb 

nenpeptiBHoro npoflOjiHcenHH onepaTopa I* hsomctphh /"^ : Sj'jj 9ju- FpaHnHHyio sa^any ([T|), ^ 



Pa6oTa noflflepaxaHa P^^H, KOfl npoeKxa 07-01-00283, h (JjOHflOM INTAS, KOfl npoeKTa 05-1000008-7883. 
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Mbi 6yfleM Tenept. noHHMaTb xaK saflany o cneKTpe jiHHeHHoro onepaTopnoro ny^Ka T : 9)u S^'jj, 
HMeiomero bh^ 

1 1 

(VA G C) (Vy G ^C/) {I+T{X)y,y)^^= jp\y'\^dx + J {q - Xr) ■ \y\^ dx + {Vy\y'')c^, 



r^e V — flnaroHajibHaH spMHTOBa MaTpni^a pasMepa 2 x 2 c ajieMCHTaMH 

arg Ukk jj , , 
(VA:G{1,2}) Vkk={ "^^ 2 ' ""''^'^ 

0, Ukk = 1. 

2. B pa6oTe |QCO| 6bijio noKasano, hto cneKip 3aflaHH[T]([l|),[T](l2|) MoaceT 6BiTfc npeflCTaBjien b BH^e 
BOspacTaiomef! nocjieflOBaTejiBHOCTH npocTBix co6cTBeHHBix SHaneHHit 

Ai < A2 < . . . < A„ < . . . 

Bbijio noKasano TaKHce, hto OTBenaiomHe sthm co6cTBeHHBiM snaHeHHHM co6cTBeHHBie 4)yHKi];HH 
Vn £ HMeiOT no n — 1 nyjief! na HHTepBajie (0, 1), npn^eM nyjin coceflHHx co6cTBeHHBix 4)yHKi];HH ne- 
peMCHcaiOTCH. MejKfly tcm, ^jih cjiynaa rjia^KOCTH KOScJxJjHi^neHTOB flHcJxJjepeHi^HajiBHoro ypaBnenHH 
[T]([T]) HMeiOTCH H cymecTBCHHO 6ojiee chjibkbic pesyjiBTaTBi, CBHsanHbie c Teopnefi oci];hjijihi];hohhbix 
MaTpHu; H Hflep (cm., nanpHMcp, |OMiI| . [CHX| ). B nacTHOCTH, hsbcctho, hto nponsBOjiBHaa neny- 
jieBaa jiHHeHHaa K0M6HHai];HH 

N 

otk vk 

k=n 

BemecTBeHHBix co6cTBeHHBix 4)yHKLi,HH yk c BemecTBeHHBiMH KOScJxJjHi^neHTaMH ak HMeeT Ha HHTepBajie 
(0, 1) He Menee n — 1 nepeMen snaKa h ne 6ojiee — 1 nyjieii. L[ejiB nacTOHmefi CTaTBH saKjnonaeTCH 
B ycTaHOBjieHHH cnpaBefljiHBOCTH yKasanHoro cJaaKTa h b o6n],eH CHTyai^nn. 

3. SaMCTHM, HTO B paccMaTpHBacMOM HaMH cjiynae flHaronajiBHOCTH MaTpni^bi U npocTpancTBO Sju 

MOHCeT HMCTb TOJIBKO OflHH H3 HCTBipeX CJieflyiOn],HX BHflOB: 

^2 [0,1], 

{yGW^[0,l]\y{l) = 0}, 
{y€W^[0,l]\y{0) = 0}, 

3to osHanaeT, hto sa chSt BOSMymeHHii noTeni^Hajia q cocpeflOTOHenHbiMH b TOHKax h 1 ^ejiBTa- 
4)yHKi];HHMH jiio6yio sa^any paccMaTpHBaeMoro naMH Tnna mojkho nepenncaTt b BH^e aHajiornHHofl 
sa^aHH c rpaHHHHbiMH ycjiOBHHMH oflHoro H3 cjieflyiomHx HeTbipex bh^ob: 

(1) y(0)=y(l)=0, 

(2) yW(0)=2/(l)=0, 

(3) y(0) = yW(l) = 0, 

(4) yW(0)=yW(l)=0. 

SaMCTHM TaKJKC, HTO paccMOTpcHHe saflaHH c rpaHHHHbiMH ycjiOBHHMH ^ MOiKCT 6biTb saMeHOH ne- 
peMeHHofi 1 1— > r ^ 1 — t CBefleno k paccMOTpenHio sa^anH c rpaHHHHbiMH ycjiOBHHMH ([2]) . HosTOMy b 
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flajiBHeHineM mbi, KaK npaBHjio, 6yfleM paccMaTpHBaTb tojibko sa^aHH c rpaHHHHBiMH ycjiOBHHMH ([T]), 



HaMH ycTanaBjiHEaiOTCH BcnoMora- 
ycTanaBjiHEaeTCH 



npoBOflHTCH flOKasa- 



4. CTpyKTypa ocTaBineftcH nacTH CTaTtn TaxoBa. B naparpacjje 
TejibHBie pesyjiBTaTbi o bosmojkhocth HCKjironeHnH noTCHi^Hajia q. B naparpacjje 
snaKoperyjiiipHOCTb pesojibseHTbi sa^anH [T]([l|), [T](l2l). HaKOHeu;, b naparpacjje £J 

TejIbCTBO OCHOBHblX pCSyjIbTaTOB CTaTbH. 

IlpH ccbijiKax Ha pasflejibi CTaTbH, ne npHHaflJie>Kan],He naparpacjjy, BnyTpn KOToporo flaeTCH ccbiji- 
Ka, flonojiHHTejibHO yKasbiBaeTCsi HOMep naparpacj^a. Hpn ccbijiKax na (JjopMyjibi, ne npHHaflJiejKamne 
nyHKTy, BHyTpn KOToporo ^aeTCH ccbijiKa, flonojiHHTejibHO yKasbiBaeTCsi HOMep nyHKTa. 

§ 2. HcKjiHJHeHHe noTeHii,Hajia 



1. Xopomo HSBecTHO (cm, HanpHMep, |CC>Cl §14]), hto HsyneHHe sa^ann [§ H UdU), |§ H Ujl]) c rjia^- 
KHMH KoscJxJjHi^neHTaMH p, Q n r MO>KeT 6biTb nocpeflCTBOM saMeHbi nepeMeHHOH CBefleno k HsyHeHnro 
aHajiorHHHoft saflann c noTeni^HajiOM g = 0. B nacTOHmeM naparpacjje cooTBeTCTByromasi TexHHKa 
6yfleT pacnpocTpanena na cjiyHait KOStJxJjHi^neHTOB paccMaTpHBaeMoro naMH 6ojiee o6n],ero BH^a. 

Ha npoTHJKeHHH HacToamero naparpacjja mbi 6yp,eM npe^nojiaraTb sacJjHKCHpoBaHHbiM hhcjio 
^ G M, fljiH KOToporo onepaTop I~^T(^) HBjiaeTCH nojiojKHTejibHbiM. CymecTBOBaHne TaKoro HHCjia 
ycTaHOBjieno, nanpHMcp, b pa6oTe |QCO[ §3]. 
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dx + iOi- y{l). 



2. SaMCTHM (cm. |TTT.TTTTP1, Cn^O| ), hto cymecTByiOT (J)yHKi];HH uj € L2[0, 1] h hhcjio uji € M, 
yflOBjieTBopHKJmne TOJKflecTBy 

1 1 

(1) {yyeW^[0,l]) j{q-ir)-ydx 



IlpH 3T0M HMCiOT MCCTO cjieflyion],He flBa (JjaKTa: 

2.1. Cyvu^ecmeyem eeKmop-cf)yHKii,UM Y G PVg^fO, 1] x ^/^^^[0, 1], o6jiadan)mafi paenoMepHO na ompeane 
[0, 1] nojiootcumejibHou nepeou KOMnoHenmou Yi u ydoeAemeopMTOinaM ypaeneHUMM 

dY ( ujjp l/p 



(2) 



dt 



-u] /p —ijj/p 



dx 



1. 



Upu amoM e cjiynae, nozda zpanuHHue ycAoeuM § lU\^ UMetom oduH us eudoe \§'l^ ^ uau 
MOMCHO donojiHumejibHO nompeSoeamb eunojiHenuH paeeucmea 

(3) l2(0) = 0. 



^OKasaTCjibCTBO. 3flecb mm 6yfleM onnpaTbca na ycTanoBjienHbie b pa6oTe [OCOl §2] pe- 
syjibTaTbi o TOHKax, conpHHceHHbix TOHKaM H 1 OTHOCHTCjibHO onepaTopa T(^). 

EcjiH rpaHHHHbie ycjiOBHH hmciot oahh h3 bh^ob [§" H 3|([2]) hjih |§ l| 3]([4l), to ^jih flOKasaTCjibCTBa 

paCCMaTpHBaCMOrO yTBepjKfleHHH flOCTaTOHHO SaMCTHTb, HTO nOJiyHHTCpBajI (0, 1] He COflepjKHT TOHCK, 

conpHHceHHbix TOHKC OTHOCHTCjibHO OHcpaTopa r(^). 

EcjiH rpaHHHHbie ycjiOBHH hmciot bh^ |§ H 3|([1]), to 3a4)HKCHpyeM pemcHHe Z € 11^2^ [0, 1] x W^/[0, 1] 
OTBeHaiomefi ypaBHCHHio ([2]) HanajibHOH sa^anH 

yi(i) = y2(i) + i = o. 
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IlocKOjiBKy nojiyHHTepBaji [0, 1) ne coflepjKHT ToneK, conpHHceHHbix tohkc 1 OTHOCHTejitHO onepaTopa 
T(^), TO 4)yHKi];HH Z\ ne mohcct hmctb nyjieii na stom nojiyHHTepsajie. OTCiofla, b cbok) OHepe^B, 
cjie^yeT, hto ^jih jiio6oro SHaneHHa C ^ KBaflpaTHHHaa 4)opMa 

1 1 

I p \yf dx + Jiq- ^r) ■ \y\' dx + • |y(0) ? 



HBjiaeTCH HeoTpHi];aTejiBHOH na npocTpancTBe 

{yeWl[Q,l]\y{l) = ^}. 

IlocjieflHee osHanaeT, hto ^jih jiio6oro SHaneHHa C ^ nepsaa KOMnoneHTa pemeHHH OTBenaiomeil 
ypaBHeHHK) ([2]) HaHajiBHolt saflann 

yi(o) - Zi(o) = y2(o) - ^2(0) - c = 

HBjiaeTCH nojiojKHTejiBHofi na HHTepsajie (0, 1). J\w saBepmenHH ^OKasaTejiBCTBa TenepB ^ocTaTOHHO 



saMCTHTB, HTO npH C > TeopcMa e^HHCTBeHHOCTH [ JI^Q § 16, TeopeMa 1] rapaHTnpyeT BBinojineHHe 



HepaBCHCTBa li(l) 7^ 0. □ 

2.2. Uycmb eeKmop-(fiyHKV,UM Y € ^^[0, 1] x 14/';[^[0, 1] o6jiadaem ynasaHHUMU e ymeepcHcdeHuu Wl\ 
ceoucmeaMU. Tosda eunojinnemcsi mooicdecmeo 

1 1 

(4) (Vy G ^u) J pYi'^dx + J\q-Cr)- (Yiy) dx = [^2(1) + t^i • ^(1)] • y(T)- 



Upu amoM e cjiyuae, Kozda spanuHHue ycAoeuM § UMetom eud\§ eunoAHMemcM mancHce 



Hepaeencmeo 

(6) iiy+"'""' 

^OKasaTejiBCTBO. Hs cooTHomeHHH ([1|) h ([2]) cjieflyeT, hto npn jiio6om y € i^f/ BBinojiHHiOTCH 

paBCHCTBa 

11 1 1 

JpYll/dx + j{q-ir)- Yiydx = J [ojYi + Y2]Vdx- j lo- [F/y + Yi'^] dx + uJiYi{l)'^ 
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[Y2y' + Y^]dx + uJiYi{l)y{l) 







= [y2(l) + ^i-yi(l)]-y(l)-l2(0)y(0). 

OTCiofla H H3 npeflnojiaracMBix BBinojiHeHHBiMH ^jih cjiynaa rpaHHHHBix ycjiOBHH |§ l[ 3J([2l) hjih |§ 1[ 3]([4| 
paBCHCTB (lU HCMefljieHHO BBiTCKaeT cnpasefljiKBOCTB TOJKflecTBa HepaseHCTBO ([5]) npeflCTasjiaeT 
C060H HecjiojKHoe cjieflCTBHe ToacflecTsa ([4]) h cJjaKTa nojiojKHTejiBHOCTH onepaTopa I~^T{^). □ 

3. SacJjHKCHpyeM BeKTop-cJayHKi^nio Y G Ty2^[0, 1] x VF/[0, 1] c onncaHHtiMH b yTBep>K^eHHH [2TT] cboh- 
CTBaMH H conocTaBHM efi BOspacTaiomyio cJjyHKi^Hio r : [0, 1] [0, 1] BH^a 



(VtG[0,l]) Tit) 
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C 4)yHKi];HeH r mbi b flajibHefimeM 6yfleM CBHSbmaTt orpanHneHHO o6paTHMbiH onepaTop saMCHbi ne- 
peMeHHofi J : Sju S)u, HMeiomHH bha 

(V2/G^t/)(VtG [0,1]) [Jy](r(t))=y(t), 



nojiynaeMBie npoflOjiHceHHCM SToro onepaTopa no nenpepbiBHOCTH onepaTopbi 
[0,1] — > Loo [0,1] H J-1 ■ W2^[0,l] W2"^[0, 1]. KpoMe Toro, mbi 6yfleM paccMaTpn- 



a TaKHce 

Joo '■ L 

BaTB orpaHHHeHHO o6paTHMbiH onepaTop S : Sjjj 



(1) (Vy G Sju) Sy = J{y/Yi). 

HivieeT MecTO cjieflyiomnii 4)aKT: 

3.1. Uycmb T : Sjjj S^'jj — AuneuHuu onepamopHuu nyuon, omeeHamvuuu duifxpepewnuajibuoMy 
ypaoHeHum 

-{py'y - (A - ^)fy = 0, 

gde noAootceno p ^ JooP u f ^ J^i{Yf r). Uycmb maKotce e CAyuae, Kozda ucxodnuu nyuoK T onpede- 
AfiemcH spanuHHUMU ycAoeuMMu \§ if M^ uau §_J_IM^, nynoK T onpedeAsiemcfi meMU CHce spanuHHU- 
MU ycAoeu.n,MU, a e CAynae, Kosda ucxodnuu nynoK T onpedeAMemcM zpanuHHUMU ycAoeu.fiMU § -?[3(|4|, 
nynoK T onpedeAMemcH spauuHHUMU ycAoeuMMU 

'Y2{1) 



yW(0)=yW(i) + 



y{l) = 0. 



Tozda eunoAHnemcH moatcdecmeo 

(VA G C) 



Yi{l) 

S*I+f{X)S = I+T{\) 



^OKasaTejibCTBO. SaMCTHM, hto Henocpe^CTBeHHO h3 onpeflejiennH onepaTopa 5* BbiTeKaeT 
cnpaBefljiHBOCTb ToacflecTBa 

1 _Y^{t)-y'{t)-Yi{t)-y{t) 



(VyGi3c/)(VtG[0,l]) [5y]'(r(t)) 



IloSTOMy flJIH JIK)60H (JjyHKI^HH y G S)u BBinOJIHHKJTCH paBCHCTBa 

1 1 



j p\[Sy]'\'dx = jp\Y,y'-Yiy\^^ 



p\y'\ dx — / pYl 



\y\ 

Yi 



dx. 





AnajiornHHO, ^jih jiio6oh 4)yHKi];HH y £ S^jj BBinojinaiOTCH paBencTBa 

1 1 o 



f • I [Sy] \ dx = I {Yf r) 



y_ 

Yi 



dx 



r • |yp dx. 







06'BeflHHHH 3TH cJjaKTBi CO cjieflyion],HM H3 vTBepacaeHHa [2?2l ToacjecTBOM 

1 7 1 



(Vy G 9)u) 



pY{ 



\y\ 

Yi 



dx 



{q — ^r) ■ \y\^ dx 



Yiil) 



|y(i) 
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y6eHCflaeMCH b cnpaBefljiHsocTH TOHc^ecTBa 

(VA e C) (Vy G ^u) (/+r(A) [Sy], [Sy])^^ = {I+T{\)y,y)^^, 
paBHOCHjibHoro flOKastiBaeMOMy yTBep>K/];eHHK). □ 

4. Otmcthm, hto fljiH nacTHoro cjiynaa, BBiflejiaeMoro ycjiOBHHMH p G i?\^[0, 1], g ^ h C/ = 1, 
yTBepjKfleHHe o bosmohchocth HCKjiiOHeHHH noTCHi^Hajia 6bijio c4)opMyjiHpoBaHO b HeflaBHefi pa6oTe 
tHPQTj . 

§ 3. SnaKoperyjiiipHOCTB pesojitBeHTM 

1. B flajiBHeHineM nepes C[0, 1] mbi 6yfleM o6o3HaHaTb npocTpancTBO paBHOMepno HenpepbisHbix na 
OTpesKe [0, 1] semecTBeHHbix (JjyHKi^Hii. IlpH stom, KaK o6biHHO, mm 6yfleM roBopHTb, hto (JsyHKi^na 
/ G C[0, 1] UMeem he Menee n nepeMen SHUKa na uumepeaAe (0, 1), ecjiH naiifleTCH Ha6op h3 

n + 1 TOHCK 

(1) < Xi < X2 < . . . < Xn+l < 1, 

yflOBJieTBOpHIOmHH yCJIOBHK) 

(VA:E{l,...,n}) /(x^) • /(x^+i) < 0. 

AnajiornHHO, mm 6yfleM roBopHTb, hto (JjyHKi^HH / € C[0, 1] UMeem ne Menee n nceedonyAeu na 
uumepeaAe (0, 1), ecjin naiiflyTCH BemecTseHHoe hhcjio e > h Ha6op {a^fcl^ii h3 n + 1 tohck BH^a 
([I]), yflOBjieTBop5Hon],He ycjiosHsiM 

(VA;e {l,...,n + l}) |/(xfc)|>e, 
(Vfc G {l,...,n})(3t G (xfc,a;fc+i)) < e. 

OnesHflHa cnpaBefljinsocTb cjieflyromnx flsyx yTBepjKfleHHii: 

1.1. Uycmb n — uamypaAbuoe hucao, u nycnib (f)yuKU,UM f G C[0, 1] UMeem ue Meuee n nepejneu auana 
ua uumepeaAe (0, 1). Tosda (pyuKnufi f UMeem ue Meuee n nceedouyAeu ua uumepeaAe (0, 1). 

1.2. Uycmb n — uamypaAbuoe hucao. Tozda MUOMcecmeo cjjyuKU,uu f G C[0, 1], UMCtoinux ue Meuee 
n nceedouyAeu ua uumepeaAe (0,1), MeAsiemcM omnpumuM e monoAozuu npocmpaucmea C[0, 1]. 

2. BemecTBeHHMH onepaTop K : Sjjj Sju mm b flajibHefimeM 6yfleM HasbisaTb ycuAcuuo auaKopezy- 
AMpuuM, ecjiH fljiH jiio6mx HaTypajibHoro nncjia n h semecTBeHHofi cJjyHKi^HH y & Sju, ^jih KOTopbix 
4)yHKi];HH Ky G Sju hmcct ne Menee n ncesflOHyjiefi na HHTepsajie (0, 1), cJjyHKi^HH y HMeeT ne Me- 
nee n nepeMen snaxa na 3tom HHTepsajie. BBe^ennoe nonaTne npnMbiKaeT k nsBecTnoMy noHHTHio 
snaKoperyjiHpnoro onepaTopa (cm. [OHn3j . |CHXl §4]). 

OneBn^nbiM cjie^CTBHeM yTBepacjenna [TTT] gsjigeTca TaKoe yTBepjKflenne: 

2.1. Uycmb Ki : Sjjj — > S^u u K2 ■ Sju Sju — dea ycuAcuuo auaKopezyAHpuux onepamopa. Tozda 
onepamop K1K2 manotce MeAMcmcH ycuAcuuo suaKopezyAHpuuM. 

KpoMe Toro, HMeeT MecTO cjieflyromnfi cJjaKT: 

2.2. Uycmb onepamop K : 9)u — > 9)u MeAMcmcM npedcAOM nenomopou nocAedoeamcAbuocmu {Kk}'^^i 
ycuAcuno ananopezyAsipnux onepamopoe e cmucac cuAbuou onepamopuou monoAosuu. Tozda on man- 
Dfce neAHcmcH ycuAcuuo suaKopezyAsipuuM. 
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^OKasaTejibCTBO. SacJjHKcnpyeM npoHSsojibHtie naTypajibHoe hhcjio n h BemecTseHHyio 
4)yHKi];Hio y € Sjjj, KOTopbix (JjyHKi^HH Ky € Sjjj hmcct ne Menee n ncesflOHyjiefi na HHTepsajie 
(0, 1). Hs vTBepac jeHHa [L2l h nenpepbiBHoro xapaKTepa BjiOHcenHH BemecTBeHHoit nacTH npocTpancTBa 
Sju B npocTpancTBO C[0, 1] cjieflyeT, hto nafifleTCH HOMep m ^ 1, fljia KOToporo 4)yHKi];HH K^y TaKHce 
6yfleT HMCTb He Menee n nceBflOHyjien na HHTepBajie (0, 1). B TaKOM cjiynae (JsyHKi^na y HMeeT ne Menee 
n nepeMen snaKa na HHTepBajie (0, 1). □ 



3. OcHOBHbiM pesyjibTaTOM nacTOHmero naparpacjja HBjiHeTCH cjieflyiomnii cJjaKT: 



3.1. Uycmb onpedejiHwmee nyuoKT du^xpepeHv^uajibHoe ypaeueHue § lUl^ ydoejiemeopHem ycjioewm 



q = 0, a zpanuHHue ycAoeuM \§ lf l\^ UMemm odun us eudoe^fl^^, § iOjJ]) uau 

(1) yW(0) =yW(l) + C7-y(l) = 0, zde C > 
Tozda onepamop R : Sjjj — > S^jj euda 

rlT 

(2) i?^[r(o)]-i.^ 

HejiHemcH ycujieuHO snaKopezyAiipHUM. 

^OKasaTejibCTBO. Hs yTBepjKfleHHH 12.21 cjie^yeT, hto flocTaTOHHO paccMOTpeTb cjiynaii, Kor/],a 



K034)(J)Hi];HeHTbi par ^HcJxJjepeHi^HajibHoro ypaBHeHHH |§ l|l1 (fl]l hbjihkjtch pasHOMepHO nojioJKHTejib- 
HbiMH rjia^KHMH (JjyHKi^HHMH. IlMeHHO TaKoft cjiyHaH Mbi H 6yfleM HsynaTb b ocTaBineiicH nacTH flOKa- 
saTejibCTBa. SaMeTHM laKJKe, hto ^jih ^OKasaTejibCTBa paccMaTpnBaeMoro yTBepjKflenHH ^ocTaTOHHO 
ycTanoBHTb, hto ^jih jiK)6bix naTypajibHoro nncjia n h BemecTBeHHoft (JjyHKi^HH y G Sju, AJIh KOTopbix 
4)yHKi];HH u ^ Ry € 9)u HMeeT ne Menee n nceBflonyjiefi na HHTepBajie (0, 1), 4)yHKD;HH y HMeeT ne Me- 
nee n nepeMen snaKa na stom HHTepBajie. IlosTOMy b ocTaBmeiicH nacTH ^OKasaTejibCTBa naTypajibHoe 
HHCjio n H BemecTBeHHyio cJjyHKi^Hio y G Sjjj mm 6yfleM npeflHOjiaraTb sacJjHKCHpoBaHHbiMH. 

IlycTb rpaHHHHbie ycjiOBHH HMeiOT bh^ |§ H 3|([1]). B TaKOM cjiynae h3 TeopeMbi Jlarpanaca o KOHen- 
HOM HpnpameHHH jierKO BbiBO^HTCH, HTO 4)yHKi];HH pu' € C^[0, 1] HMeeT He Menee n + 1 nepeMen snaKa 
na HHTepBajie (0,1). HpHMenHH STy TeopeMy eme pas, ycTanaBjiHBaeM, hto cJjynKi^HH y = {pu')' /r 
HMeeT ne Menee n nepeMen snaKa na tom ace nnTepBajie. TeM caMbiM, ^jih cjiynaa rpannnnbix ycjiOBHH 
|§ H 3J([T]) flOKasbmaeMoe yTBepac^enne cnpaBe^jiHBO. 

IlycTb rpannnnbie ycjiOBna nMeiOT bh^|§ 1[3|([2]). B stom cjiynae ns TeopeMbi Jlarpanaca BbiBOflnTca, 



HTO 4)ynKi];Ha pu' G C^[0, 1] nMeeT ne Menee n nepeMen snaKa na nnTepBajie (0, 1). OTCiofla, c yneTOM 
paBencTBa [pn'](0) = 0, cjie^yeT, hto (JaynKi^na y = {pu')' /r TaKHce nMeeT ne Menee n nepeMen snaKa na 
nnTepBajie (0, 1). TeM caMbiM, ^jih cjiynaa rpannnnbix ycjiOBnH |§ H 3J([2]) flOKasbmaeMoe yTBepac^enne 
TaKHce cnpaBefljiHBO. 

IlycTb Tenepb rpannnnbie ycjiOBna HMeiOT bh^ ([T]). Hs nojioacnTejibnocTH KOScJxJjni^nenTa C cjie- 
flyeT, HTO flJiH jiio6bix flsyx BemecTBennbix nnceji e>OHx€(0,l), yflOBjieTBopsHomnx ycjiosHHM 

1^(2;) I < e, 
{3te{x,l)) \u{t)\>e, 

naiiflyTCH ^Be tohkh t± G (2;, 1), yflOBjieTBopHiomne nepaBencTBaM 

±[pu']{t±) > 0. 

3tot 4)aKT c OHeBHflHOCTbio osHaHaeT, HTO 4)yHKi];Hii pu' G C^[0, 1] HMeeT ne Menee n nepeMen snaxa na 
HHTepBajie (0, 1). OTCiOfla, c yneTOM paBencTBa [pti'](0) = 0, cueflyeT, hto (JjyHKi^Hsi y = {pu')' /r TaK>Ke 
HMeeT He Menee n nepeMen snaKa na stom HHTepBajie. TeM caMbiM, cnpaBe^jiHBOCTb flOKasbiBaeMoro 
yTBep>KfleHHii ycTanoBjieHa nojiHOCTbio. □ 
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§ 4. HeGbimeBCKHe CBoiicTBa CHCTeM coGcTBeHHMx cJ)yHKii,HH 



1. SacJjHKcnpyeM nocjieflosaTejiBHOCTb {yfej^Li BemecTBeHHbix co6cTBeHHbix cJjyHKi^HH 3a/];aqH [§ H U([T1), 
|§ H UdSl), OTBenaiomHx pacnojiOHcenHbiM b nopH^Ke BOspacTannH co6cTBeHHBiM SHaneHHHM 



Ai < A2 < . . . < A„ < . . . 

Hmciot MecTO cjieflyiomHe ^Ba cJjaKTa: 

1.1. Uycmb n u N — dea uamypajibHux uucjia, ydoeAemeopsitoinux ycjioeuto 1 ^ n ^ N . Uycmb 
muKOfce y & S)u ^ (l)yHKV,usi, donycKawvuan npedcmaejienue e eude 

N 



y = ^oik yk, 



k=n 



sde {ak}k=n ^'na6op eeuj,ecmeeHHUx nuce/i, ydoeAemeopHmvuuu yc/ioeuu) a„, 7^ 0. Tozda (pyuKViUn y 
UMeem na unmepeajie (0, 1) ne Menee n — 1 nepcMen snana. 



^OKasaTejitCTBO. Hs yTsepjKfleHHH |§ 2|3.1l |§ 2|2.2I h xapaKTepa onpeflejienHoro cooTHomeHH- 
eu |§ 2[ 3J([T]) npeo6pa30BaHHH S cjie^yeT, hto ^ocTaTOHHO paccMOTpeTB cjiynaH, Kor^a BbinojiHaeTCH 
paBCHCTBO q = 0, a onpeflejiaiomHe nynoK T rpaHHHHBie ycjiOBHH hmciot opjin h3 bh^ob [§ H 3|([l]), 
|§ H 3J([2l) hjih |§ 3[ 3]([H. IlMeHHO TaKofi cjiynali mbi h 6yfleM HsynaTt b ocTaBineilcH nacTH flOKasaTejib- 

CTBa. 

PaccMOTpHM onpeflejieHHbiH cooTHomeHneM |§ 3[ 3J([2]) onepaTop R. BBH^y npocTOTbi co6cTBeHHbix 
SHaneHHH ny^Ka T, nocjieflOBaTejibHOCTb {X^ R"^y}'^^i cxo^htch k co6cTBeHHOH cJjyHKi^HH any-n- Co- 
rjiacHO pesyjibTaTaM pa6oTbi |OCC>j , TaKaa co6cTBeHHaH cJjyHKi^HH hmcct ne Menee n — 1 nceBflOHyjieli 
Ha HHTepBajie (0, 1). CnpaBefljiHBOCTb flOKasbmaeMoro yTBepjKfleHHH BbiTeKaeT Tenepb h3 yTBepjKfle- 



HHH |§ 3|l-2l |§ 3|2.1l |§ 3|3.1l H HenpepbiBHoro xapaKTepa BjiOHcenHH BemecTBeHHOH nacTH npocTpancTBa 
^[7 B npocTpancTBO C[0, 1]. □ 

1.2. Uycmb N — namypajibHoe hucjio, ydosAemeopMrnmee ycjioeum N ^ 1. Uycmb manotce y € S^u — 
(pyHKV,usi, donycKammaM npedcmaejienue e eude 

N 



^Ofc yk, 



k=l 

2de {ctk}k=i ^ 'na6op eevu,ecmeeHHUx hucca, ydoeAemeopsiKixu^uu ycAoeuw 7^ 0. Tozda (pynKnun y 
UMeem na unmepeaAe (0, 1) ne 6oAee N—1 pasAunnux nyAeu. 

^OKasaTejibCTBO. S^ecb, KaK h npn flOKasaTejibCTBe yTsepac^eHHH [TTTl floCTaTOHHO orpanH- 
HHTbCH paccMOTpeHHeM cjiynaH, Kor^a BbinojiHaeTCH paseHCTBO q = 0, a onpe^ejisiromHe nynoK T 
rpaHHHHbie ycjiOBHH HMeiOT o^hh h3 bh^ob[§"1[3|([1]),[§ l[3]([2l) hjih|§ 3[3]([T]). 



PaccMOTpHM Ha6op {um}m=o npHHa/];jiejKan],Hx npocTpancTBy S)u cJjyHKi^HH BH^a 



(m=0 

N 

Um — 

k=l 



Y.^Kak)yk. 



<PyHKI];HH H3 STOrO Ha6opa C OHeSHflHOCTbK) yflOBJieTBOpHKJT yCJIOBHK) 

(Vm € {1, ... , N}) Um-l = RUn 



rfle R — onepaTop, onpeflejieHHbin cooTHomeHHeM |§ 3|3l (f2]). IlpeflnojioJKHM, hto ^jih neKOToporo ho- 
Mepa m G {1, 2, . . . , A^} cJjyHKi^HH Um-i TOHc^ecTBeHHO o6pan],aeTCH b nyjib na neKOTopoM HHTepBajie 
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A C (0, 1). Tor^a flJiH jiio6oh (J)yHKi];HH v G VF2[0, 1], yflOBjieTBopaiomeH ycjiOBHio suppu C A, Bbinoji- 

HHKJTCH paBCHCTBa 

1 1 

,v' dx 



J rumvdx = J pu'^_^t 





= 0. 

BBHfly MaKCHMajIbHOCTH HOCHTejIH 4)yHKI];HH r 3T0 OSHanaeT, HTO 4)yHKI];HH Um TaKHCe TOJKfleCTBeHHO 

o6pamaeTCH b nyjib na HHTepBajie A. TeM caMbiM, HcnesHOBeHHe cJjyHKi^HH y = uq na hckotopom 
HHTepBajie A C (0, 1) noBjicKjio 6bi sa co6oh HcnesHOBeHHe na stom jkc HHTepBajie Bcex (JjyHKi^Hit h3 
Ha6opa {"Ufel^Q, a noTOMy h co6cTBeHHOH cJjyHKi^HH y]\f. OflnaKO nocjie^Hee saBe^OMO neBOSMOJKHO 
(cm., HanpHMep, |OCC>l §2]). Cjie^OBaTejibHO, cJjyHKi^HH y Morjia 6bi hmctb N pasjiHHHbix nyjieii na 
HHTepBajie (0, 1) jinnib b tom cjiynae, ecjiH 6bi ona HMejia ne Menee N nceBflOHyjieft na stom HHTepBajie. 



Hs yTBepjKfleHHii |§ 3|3.1l Tenepb cjie^yeT, hto ^jih saBepmenHH ^OKasaTejibCTBa paccMaTpHBaeMoro 
yTBep>KfleHHii ^ocTaTOHHO ycTanoBHTb, hto (JjyHKi^HH ui He MOJKeT HMeTb 6ojiee hcm — 1 nepeMen 
SHaxa Ha HHTepBajie (0, 1). 

SaMeTHM, HTO B cjiy^ae rjiaflKOCTH KOStJxJjHi^neHTOB p^O,g = OHr^O HHKaKaa BemecTBeHHaa 



jiHHeHHaa K0M6HHai];HH nepsbix N co6cTBeHHbix cJjyHKi^HH sa^a^H [§TJT]([T|), [§TJT]([2l) saseflOMO ne mo- 
HceT HMeTb na HHTepBajie (0, 1) Gojiee hcm A'^ — 1 nepeMen snaKa (cm., nanpHMcp, |OMiIl FjiaBa IV, 
§10]). OflHaKO npoHSBOjibHaa sa^ana paccMaTpHsaeMoro naMii Tima mohcct 6biTb b CMbicjie chjibhoh 
onepaTopHOii Tonoj[ornn na^ HpocTpancTBOM Sju npH6jiHJKeHa anajiorHHHbiMH saflanaMH c rjiaflKHMH 
K034)4)Hi];HeHTaMn. HosTOMy CKasaHHoe osHanaeT HesosMOHCHOCTb fljia cJjyHKi^HH ui HMCTb Ha HHTepsa- 
jie (0, 1) 6ojiee hcm A^ — 1 nepeMen snaKa h b o6n],eM cjiynae. Tcm caMbiM, flOKasbisaeMoe yTsepjKfleHHe 
cnpaBCfljinBO. □ 



2. OtMCTHM, HTO B fleiiCTBHTejIbHOCTH CBOHCTBO MaKCHMajIbHOCTH HOCHTCJIH BCCOBOH (JjyHKI^HH T HC 

HBjiHeTCH HpHHi];HHHajibHbiM fljiii 6ojibmHHCTBa ycTaHOBjieHHbix panee pesyjibTaTOB. A hmchho, yTBcp- 
>K/];eHHa |§ 2|3.H|§ 3|3.1I h I1.1I c OHCBH^HOCTbio ocTaiOTCH cnpaBefljiHBbiMH h ^jih cjiynasi, Kor^a HOCHTCJib 

BCCOBOH 4)yHKI];HH T HpOHSBOJieH, a OHCpaTOp /^r(^) HBJIHeTCH HOJIOJKHTejIbHblM HpH HCKOTOpOM 3Ha- 

HCHHH ^ G M. Mto KacacTCH yTBepjKfleHHH 11.21 TO OHO B yKasaHHOM cjiynae TaKJKC ocTaeTcsi cnpaBC^- 
jiHBbiM, ecjiH saMCHHTb B cro (JjopMyjinpoBKC yTBep^KflCHHe o necymecTBOBaHHH A^ pasjiHHHbix nyneii 
4)yHKi];HH y na HHTepBajie (0, 1) 6ojiee cjia6biM yTBepjKfleHHCM o necymecTBOBannH A'^ pasjiHHHbix 

CBilSHblX KOMHOHCHT MHOJKCCTBa HyjICH 3T0H (J)yHKI];HH, HC COflCpjKamHX TOHCK H 1. 
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